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Let us begin with a definition. 
DEFINITION. Let (S, +) be a commutative semigroup, K be a category 
with products. A mapping 
Y: S+obj K 
is called a representation of (S, +) in K provided 
Y(S~ + se) is isomorphic to Y(SJ x r(sJ 
if S, f sp , then Y(s~) is not isomorphic to Y(s.& 
Each finite cyclic group has a representation in the category of all Abelian 
groups (see [2]) and in the category of all Boolean algebras (see [3]). Each 
semigroup with one generator has a representation in the category of all 
modules over a suitable ring (see [l], [6]), and in the category of all topolo- 
gical spaces (see [9]). 
The method of [9] admits a large generalization. It is presented in this 
paper. We prove that each semigroup with one generator and each Abelian 
group have representations in each of the following categories: the category of 
all topological (or uniform or proximity) spaces, of all directed graphs, small 
categories, unary universal algebras with at least two operations and partial 
universal algebras of some types. Thus, taking the additive group of all 
rational numbers as a represented semigroup, we get a space (or a graph or 
an algebra) which has “negative powers” and “all roots.” 
It is a pleasure to acknowledge my indebtedness to M. Kat&ov for reading 
the manuscript and making valuable criticisms, and to my colleague A. 
Pultr for valuable suggestions. 
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1. EMBEDDABLE SEMIGROUPS 
Convention. (a) We denote by N the additive semigroup of all non- 
negative integers. Let M be a nonempty set. As usual, the elements of NM are 
functions with the domain M and values in N. NM is provided with the 
addition given by (f + g)(n) = f(n) + g(n). 
(b) Let (S, +) be a commutative semigroup, A, B C S. Put 
A+B ={a+b;a~A,b~B). 
Denote by exp S the semigroup of all nonempty subsets of S with the above 
composition. Clearly, exp S is also commutative. 
DEFINITION. Let nt, n be infinite cardinals. A commutative semigroup S 
is said to be (m, n)-embeddable if there exists a monomorphism 
‘p: S --+ exp Nn such that card v(s) 5 m for all s E S. If, moreover, 
whenever s1 f sa , then S is called strongly (m, n)-embedduble. A semigroup is 
said to be embedduble if it is (m, n)-embeddable for some nt, tt. 
PROPOSITION 1. Every semigroup with one generator is (N,, , ~&em- 
beddable. 
Proof. Let (S, +) be a semigroup with one generator a. If S is free, then 
the proposition is evident. Let S be defined by the equality ( p + m)a = pa, 
where m 2 1, p 2 1. Let M be a countable dense set of irrational numbers in 
the interval (0, 1). If k, ,..., k, E {0, l,..., m}, I = 1,2 ,..., put 
Consequently M(h, ,..., k,) = lJ2, M(k, ,..., k, ,j). Let Z be a natural 
number, f an element of NM”(O) constant on each M(h, ,..., k,). Denote by 
v(f; 4 ,.*., k,) the value off on M(h, ,..., k,). If I’ 2 Z then f is constant on 
each M(k, ,..., K,,) and 
c v(f; k, )..,) k,) = 
(k,,...Jc,) 
(k Ck, ) v(f; h - Kz,) mod m. 
1’ ’ 
Consequently we may define / f 1 as the sum and it is defined up to the 
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congruence modulo m. Denote by T the set of all f E NM”(O) constant on 
each M(k, ,..., k,) for some 1. Clearly, card T = ~~ , and 
lf+gI=lfI+IgImodm 
for all f, g E T. Denote by A C T the set of all f E T such that 
(1) f(O)E{O, llu{p+ 1,p+2,...h 
(2) jfj=lmodm. 
Clearly, if f E A, then f(x) # 0 for some x E M. Define a monomorphism 
v:S+expN MU(O) by v(a) = A. We have to prove that q~ is really a mono- 
morphism. It is sufficient to prove that A, = A + *.. + A, (n-times), 
is precisely the set of all elements off E NM”(O) such that 
(On) f E T, f (x) # 0 for some x E M, 
(14 f (0) E (0, 1,..., 4 u {P + LP + L-1, 
(272) if 1 rnmodm. 
We proceed by induction. Denote by y the set of all f E NM”(O) satisfying 
(On + I), (In + l), (2n + 1). Then, clearly, A,+r Cy. Conversely, let 
f EY, we prove f E A1L+1 . We define g, g’ E T such that g E A, g’ satisfies 
(On), (In), (2n), and f = g + g’. Let f be constant on each M(hl ,..., k,) for a 
number 12 1. Put g(0) = 1 if f (0) = n + 1, g(0) = 0 otherwise. If there 
exists (k, ,..., k,) such that v(f, K, ,..., h,) > 1, choose one such (kr ,..., k,) 
and put g(x) = 1 whenever x E M(h, ,..., k,), g(x) = 0 otherwise. If it 
does not exist, choose (k, ,..., k,) such that v(f, k, ,..., k,) = 1 and put 
g(x) = 1 whenever x E M(h, ,..., k, , 0), g(x) = 0 otherwise. Put g’(x) = 
f(x) - g(x) for all x E M u (0). 
LEMMA 1. Each Jinite cyclic group is strongly &, , No)-embeddable. 
Proof. Choose p = 1 in the previous proof. Verify that Ai n Aj = D 
for all i, j E {l,..., m}, i # j. 
LEMMA 2. Let {S, ; L E I} be a collection of (strongly) (m, n)-embeddable 
semigroups, card I s p. Then n,C1 S, is a (strongly) (mp, n * p)-embeddable 
semigroup. 
Proof. Let P)~ : S, + exp N” be a monomorphism, vL(sL) s m for all 
s, E S, , L EI. Define y: flLE, S, -+ exp N”.p by &(s‘ ; L ~1)) = J&r~)~(s). 
Then IJJ is a monomorphism and card ~({s ; L ~1)) 5 my. If 
~)dsJ n 940 = 0 
whenever L ~1, s, # s,‘, then v(s) n I = o whenever s # s’. 
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LEMMA 3. Let G be a strongly (m, n)-embeddable Abelian group, N be a 
group-congruence on G. Then G/ N is strongly (tn, n)-embeddable. 
Proof. Let v: G-+ exp Nn be a monomorphism, card y(g) 5 m for all 
g E G. If g E G, denote by [g] the set of all g’ E G, g’ wg. Define 
g,:G/~--+expN” 
by Nxl) = UY~L,I v(d). Clearly, T4kl) C-I T&4) = @, whenever l&l f 
k21. We prove $%I) + ~(kd = +Gl + k& Let 
% E ~(kllh z2 E F(k21). 
So 3 E dh’), x2 E dg,‘), gl -g,‘, g2 - g2’, consequently 
% + 22 E &?I') + dg2') = d&h' + gz') =a5 + g21) = F(kIl + k21). 
Conversely, let z E F([gJ + [g2]). Then x E cp(g), g wg, + g, . We have 
g - g2 -g, , g = (g - g2) + g2 , consequently v(g) = v(g - g2) + dg2). 
Thus z = z1 + z2 , where x1 6 dg - g2) C$%d), z2 E dg2) C ~GJ). 
PROPOSITION 2. Each Abelian group G is strongly (2”, n)-embeddable, 
where it = max (x,, , card G). 
Proof. Denote by c, the finite cyclic group of the order n. Lemmas 1 and 2 
imply that the group nI==, c, is strongly (2No, NO)-embeddable. So, the 
additive group 2 of all integers is also strongly (2Ho, Ha)-embeddable because 
it is isomorphic to a subsemigroup of l-I;=1 c, . Lemma 2 implies that Zn is 
strongly (2”, n)-embeddable and Z” contains a free Abelian group F with n 
generators, so F is strongly (2”, n)-embeddable. Now, choose a congruence 
N on F such that F/N is isomorphic to G and use Lemma 3. 
COROLLARY. Each cancellative commutative semigroup S is (2”, n)-embed- 
dable, where n = max (N” , card S). 
2. REPRESENTATION OF EMBEDDABLE SEMIGROUPS 
Conventions. (a) Let K be a category with products. If (b; {P& ; L ~1)) is a 
product of a collection {b, ; I E I}, then the object b will be denoted by nLE, b, . 
This is not quite exact because J&, b, is defined up to isomorphism but the 
notation is simple and sufficient for our purposes. If I is finite, say I = 
u,..., n}, then b is also denoted by b, x ..* x b, . 
(b) We recall that an object t of a category K is called terminal if there 
exists precisely one morphism 7, . a- t in K for each object a of K. t is a 
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product of the empty collection. Thus, each category with products has a 
terminal object. We notice that a x t is isomorphic to a for each object a. 
(c) Let K be a category with products, a be an object of K. Put, as usual, 
a1 = a, a”+l = a x an, u” is a terminal object. 
DEFINITION. Let (S, +) be a commutative semigroup, K be a category 
with products, C be a class of its objects. Each mapping 
such that 
r:S--+C 
(i) T(Q) is isomorphic to r(s.J o s1 = s2 , 
(ii) y(sl + SJ is isomorphic to r(sl) x r(sJ 
is called a representation of (S, +) in C (with respect to K). 
DEFINITION. Let K be a category with products. A set A of objects of K 
is said to be productively independent if, whenever {m, ; a E A}, {n, ; a E A} 
are two collections of nonnegative integers and naSA anza is isomorphic to 
n UEA ana, then m, = n, for all a E A. 
Convention. Let K be a category with products, A a set of its objects. We 
denote by n A the set of all naSA &, where {k, ; a E A} is a collection of 
nonnegative integers. 
LEMMA 4. Let K be a category with products, A be a productively inde- 
pendent set of its objects, card A = n. Then Nn has a representation in JJ A. 
Proof. It is evident. 
Convention. (a) Let K be a category with sums. If ({E& ; L ~1); b) is a sum 
of a collection {b, ; L E I}, we denote the object b by CLEI b, . If C is a class of 
objects of K, nt is a positive cardinal, we denote by C,,, C the class of all 
CLEI b, , where card I d nt and b, E C for all L E I. 
(b) Let ({Ed ; L E I}; b) (or ({Q’; /3 E B}; b’)) be a sum of a collection 
{b, ; L E I) (or {be’; /3 E B}, respectively). Let a morphism vL : b, + b;lcL, be 
given for each c ~1. Then we denote by CLE, v‘ the morphism y: b + b’ 
such that p) 0 E, = &‘, 0 v‘ for ail L ~1. 
DEFINITION. Let K be a category with sums, C be a class of its objects. 
We say that C is C-determining if, whenever 
b = CL b’ = C b,‘, b, , be’ E C 
CEI l¶EB 
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for all c E 1, /I E B, and y: b + b’ is an isomorphism, then there exists a 
bijection h: I -+ B and isomorphisms q1 : b, -+ b;(‘) such that 9) = CLEl v)L . 
Note. Each class of connected objects in the category of topological 
spaces or graphs or unary algebras is C-determining. 
DEFINITION. A category with sums and products is said to be distributive 
if (& b,) x (CBEB be’) is isomorphic to xcsl BeB (6, x be’) for all couples 
of collections (6, ; L E I}, {be’; ,f3 E B} of its objects. 
LEMMA 5. Let K be a distributive category, C be a C-determining class of 
its objects. Let S be a semigroup representable in C, card S 5 m, us 5 tn. 
Then exp S has a representation i  xrn C. 
Proof. Let r: S-+ C be a representation. If L C S, L # a, put Z(L) = 
CSEL (CLE,,, (r(s)),), where (r(s))‘ = r(s) for all L em. We prove that 
1: exp S--f Cm C is a representation, Let L, L’ C S, L # G # L’ be given, 
let s EL. Since C is C-determining, the existence of an isomorphism 
p: Z(L) --t l(L’) 
implies the existence of an isomorphism vs : r(s) + r(s’) for some s’ EL’, 
which implies s = s’. Consequently l(L) is isomorphic to l(L’) if and only if 
L = L’. Now, we prove that Z(L) x E(L’) is isomorphic to Z(L + L’). We use 
the distributivity of K. We denote by N the isomorphism in K. We denote 
by (a), or (a)e or (a), the same object a. Thus 
v> x @‘> = (,F, (2 W)‘)) x (2 ( c (w))‘~)) I , L’Ern 
where L, = {(s, s’); s EL, s’ EL’, s + s’ = u}. Since 0 < card L, 5 m, we 
have 
THEOREM. Let K be a distributive category. Let m, tt be infinite cardinals, A 
be a productively independent set of objects of K such that card A = n and 
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n A isx-determining. Then each (nt, n)-embeddable semigroup has a representa- 
tion in Cm (I-I A)(with respect to K). 
Proof. It follows from Lemmas 4 and 5. 
3. A CRITERION FOR THE PRODUCTIVE INDEPENDENCE 
Convention. Let K be a category with a terminal object t. The symbol 
r, : a + t will be kept for the unique morphism from a to t for each object 
aofK. 
DEFINITION. Let K be a category with a terminal object t. A set A of 
objects of K is called st$f if 
(CY) if a, a’ E A, q: a+ a’ is a morphism of K, then either 9 factors 
through T, or a = a’, F = 1, ; 
(p) for each a E A the identity 1, does not factor through Q-, : a -+ t; 
(y) for each a E A there exists a morphism 01, : t + a in K. 
PROPOSITION 3. Let K be a category with products. Then each stz# set of 
objects is productively independent. 
Proof. Let t be a terminal object of K, A be a stiff set of objects of K. For 
each a E A choose LY, : t--j a. Let {m, ; a E A}, {n, ; a E A} be two collections 
of nonnegative integers. Denote m = naEA a%a, n = naGa a”a, denote by 
rra,i : m + a, P,,~ : n + a the projections, a E A, i = I,..., m, , j = l,..., n, , 
za,, = T, : m + t, pa,@ = 7, : n+ t. Let q: m + n be an isomorphism. 
Choose b E A. We prove mb 5 nb . If mr, = 0, then it is evident. Let us 
suppose mb > 0. Put M = {l,..., mb}, N = { l,..., nb} or N = JZ whenever 
nb = 0. If L C M, we denote by 
the morphism such that 
=,,aoyL =72,,foralla~A; 
rrir,,i 0 yL = 01~0 rh, whenever a # b, i = I,..., m, ; 
TQ,~ 0 y= = 01~ 0T,, , whenever i > 0, if$L; 
rbzi 0 yr. = lb , whenever icL. 
IfaEA,j = l,..., n,, L C M, thenp,,j 0 F 0 yL : b --+ a either factors through 
rb , say p,,f 0 q 0 yL = 8a,i,L 0 71, or b = a andp,,$ 0 v 0 yL = lb . Denote by 
L’ C N the set of all j E N such that p,.? o 9) o yr. = 1 b . We prove thatl’ # @ 
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whenever L # ia. Let us suppose L’ = 0. Then P,,~ o q o yr. = Qa,j,t o 71, 
forallaEA,j= 1, . . . . n, and p,,, 0 v 0 yL = Q for all a E A; consequently, 
thereexiststY:t+nsuchthat 80~~ ==~oy~, so y= =~+ot!Jo~~.Butif 
L # ,@ then T,,~ 0 yr. = 11, for i E L and 1, cannot factor through Q . Thus 
L’# %.SinceM# ia,wehaveN# %.Define 
a,b: exp M - { @} + exp N - { ,@a> 
by I/(L) = L’. To finish the proof, we prove that 4 is one-to-one. Let L, , 
L, C M, L, # o # L, . Then yL1 0 (Y,, = yL, 0 01~ because “a,i 0 yL1 0 (Ye = 
r,,i 0 yL2 0 01~ for all u E A, i = 0, l,..., m, . 
Then PO 0 Y 0 yL, ’ Olb = Pa2 “p ’ YL, a OIb for all a E A, j = 0, I,..., n, , so 
an,j.L, = (8a,j,L1 ’ Tb) a OIb = (8a,i,L2 ’ Tb) ’ Olb = h.j,L, , 
whenever j > 0 and either a # b or j $ L,’ u L,‘. Consequently, 
PaJ o v o YL, = Qa.i.L, a Tb = ‘%,j,Lz ’ Tb = Pa.j a v o YL, 
whenever j > 0 and either a f b or j $ L,’ u L,‘. If L,’ = L,’ then 
for all a E A, j = 0, l,..., n, . Consequently yL, = yL, which impliesL, = L, . 
COROLLARIES. (A) Let K be a distributive category. Let A be a stiSf set 
of its objects such that card A = K,, and l-‘I A is x -determining. Then each 
semigroup with one generator has a representation in EN0 (I1 A) and each 
countable cancellative commutative semigroup has a representation in &ro(n A). 
(B) Let K be a distributive category, C be a C -determining class of its 
objects closed under forming products. Let for each cardinal n there exist a staz 
set A C C with card A = n. Then each cancellative commutative semigroup 
has a representation in C C. 
4. EXAMPLES 
In the present part we verify the assumptions of Corollaries (A), (B) in 
some familiar categories. 
Conventions. (a) Let K be a category. Denote by K(a, b) the set of all its 
morphisms from an object a to b. We recall that a set L of objects of K is said 
to be rigid if K(1, 1) = {I 2} for all 1 EL and K(l, 1’) = m for all 1, 1’ EL, 2 # I’. 
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(b) Denote by R the category of all directed graphs and all compatible 
mappings (i.e., objects are all couples (X, R), where X is a set, R C X x X; 
f : (X, R) --t (X’, R’) is a morphism iff f: X--f X’ is a mapping such that 
(f(x), f( y)) E R’, whenever (x, y) E R). Denote by R, the full subcategory of 
R whose objects are graphs (X, R) subject to the following conditions: 
(1) For any VEX, (x,x)$R; 
(2) For any x, y E X there exist x,, = x, x1 ,..., x, = y in X such that 
(xi,xi+,)~Rforanyi=O,l ,..., n-l. 
LEMMA. There exists a countable rigid set L(xO) of finite elements of R, . 
Proof. Let P be the set of all primes p 2 3. Put G(p) = (X(p), R(p)), 
where X(p) = (1, 2 ,..., p + l}, R(p) = ((i, i + 1); i = l,..., p} u {(p, I), 
(p + 1, 1)). Clearly, G(p) is an object of R, . We show that L(K,,) = 
{G(p); p E P} is a rigid set. Each G(p) contains precisely two cycles, namely 
one p-cycle and one (p + l)-cycle. Thus, each compatible mapping 
f: G(P) - G(P’) 
maps the p-cycle of G(p) onto either the $-cycle or the (p’ + 1)-cycle of 
G(p’). Since p 2 3 is a prime and p’ + 1 is even then p = p’. Since 
(P + 1, ~)ER(P) 
then necessarily f(p + 1) #f(l). If f(p) #p, then f(1) = f(p + 1). 
Thus f (p) = p, so f is the identity. 
Conoention. Following [4], each small category K can be fully embedded 
in R, (i.e., there exists an isofunctor from K onto a full subcategory of R,). 
Thus, for each cardinal n there exists a rigid set L(n) of objects of R, such that 
card L(n) = n. The symbol L(n) will be kept for it. L&J is the set 
constructed here, its elements are$nite graphs. 
(A) Directed Graphs. 
The category R is distributive, t = ((01, (10,O)) is a terminal object, each 
class of connected graphs is C-determining. Let &: R, -+ R be the following 
functor. zZ(X, R) = (X u {0}, R), where 0 is supposed not in X, 
R = R u ((0, 0)} u {(x, 0); x E X>. 
Extend each morphism f of R, by d(f )(0) = 0. Denote by C the class of 
all Se(G), where G runs over all objects of R, . If A C C is a set then each 
element of n A is connected, so I-J A is C-determining. If g: .ti(G) -+ &(G’) 
is a compatible mapping, then (1) (2) in the definition of R, imply that 
either g is a constant to 0 or g = d(f) for some compatible mapping 
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fi G+ G’. So, A(n) = {d(G); G EL( n )} is a stiff set in R, the elements of 
A(@ are finite. We obtain the following results. 
(a) Each semigroup with one generator has a representation in the class 
of all countable graphs. 
(b) Each countable Abelian group has a representation in the class of 
all graphs G = (X, R) with countable components and card X = 2x0. 
(c) Each embeddable semigroup has a representation in R. 
(B) Topological Spaces 
Denote by T the category of all topological spaces and all continuous 
mappings. Clearly, T is distributive, any one-point space is its terminal 
object and, for each set B of connected spaces, the set n B is C-determining. 
In [8], a functor g: R, + T is constructed such that 
(m) if g: 33(G) -+ g(G’) is a continuous mapping, then either g is 
constant or g = 3?(f) for some compatible mapping f: G + G’; 
(/3) each 9(G) is a metrizable semicontinuum (i.e., a metrizable space 
such that any two its points are contained in a continuum); if the graph G 
is finite then g(G) is a metrizable continuum. So, 
B(n) = {&3(G); G EL(~)} 
is a stiff set in T such that n B(n) is C-determining, B(&,) consists of 
metrizable continua. Thus we have proved: 
(a) Each semigroup with one generator has a representation in the 
class of all locally compact separable metrizable spaces (in a class of spaces 
which are disjoint unions of ~a metrizable continua). 
(b) Each countable Abelian group has a representation in the class of all 
locally compact metrizable spaces (in a class of spaces which are disjoint 
unions of 2”o metrizable continua). 
(c) Each embeddable semigroup has a representation in the class of all 
completely regular Hausdorff spaces. 
Under the assumption that there exists no measurable cardinal, a functor 
97’: R, + T is constructed in [8] such that (01) (/I’) are fulfilled, where 
(/3’) each g’(G) is a connected compact Hausdorff space. 
Consequently, if we suppose the non-existence of any measurable cardinal, 
we can strengthen (c) to (c’). 
(c’) Each embeddable semigroup has a representation in a class of 
spaces which are disjoint unions of connected compact Hausdorff spaces. 
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(C) Uniform Spaces and Proximity Spaces 
(a), (b), (c) from the previous example remains true if by “space” uniform 
space or proximity space is understood. 
(D) Small Categories 
Denote by C the category of all small categories and functors. C is distri- 
butive, any category with precisely one morphism is a terminal object of C, 
the class iVl of all monoids (i.e., categories with precisely one object) is 
C-determining and closed under forming products. We show that for each 
cardinal n there exists a stiff set o(n) C M, card D(n) = n. Let S be the 
category of all semigroups and all homomorphisms. In [4], a functor 
&?: R, + S is constructed as follows: If G = (X, R) is a graph, then Z(G) 
is the semigroup generated by the set X and with defining relations 
yxzy = yxy 
for every x, y E X such that (x, y) E R. Thus an element of x(G) is an 
equivalence class [WI, where W is a nonempty word in the alphabet X and 
the equivalence is given by the prescribed defining relations. If f: G + G’ 
is a morphism of R, then Z(f) is given by 
=wf )(h% ... x9&1) = [f (Xl) *-f b41. 
A? is a full embedding, for the proof see [4]. We notice that no Z(G) contains 
any idempotent, this is implicitly proved in [4]. Let 9: R, -+C be the functor 
which we obtain by adding a formal unit lG to each semigroup P(G) and 
extending each homomorphism Z(f ): P(G) -+ S(G’) by 
S(f )(M = 1G’ - 
LEMMA. Let g: 9(G) +B(G’) b e a uric or. f t Then either g is the constant 
to 1 o’ or g = B( f ) for some compatible mapping f: G + G’. 
Proof. We prove that eitherg maps Z(G) into Z(G’)(and theng = 9(f) 
for some f: G+ G’) or g is a constant to lo, . Denote G = (X, R). Let 
g([x]) = lo, for some x E X. Let y E X be given, we prove g([ y]) = lo, . 
Choose x0 = x, x1 ,..., x, = y in X such that (xi+r,xi) E R for all i = 0 ,..., 
n - 1. Then xxrx = xxrzx, so g([x,]) = (g[x#. Since A?(G) contains no 
idempotent, g([x,]) = IG, . We proceed by induction to x, = y. 
The lemma implies that each set o(n) = {B(G); G EL(n)} is a stiff set inC; 
the elements of D&J are countable. Thus we obtain that each embeddable 
semigroup has a representation in C. 
202 VERA TRNKOVA, 
Each semigroup with one generator and each countable Abelian group 
have representations in the class of all small categories k with at most 2xo 
morphisms. 
(E) Unary Universal Algebras. 
Denote by A(l, 1) the category of all universal algebras with two unary 
operations. It is distributive, any one-point algebra is a terminal object, each 
set of connected algebras is C-determining. We show that for each cardinal n 
there exists a stiff set E(n) such that card E(n) = n, and all elements of 
I-I E(n) are connected. In [5], a functor @: R--f A(1, 1) is constructed as 
follows. If G = (X, R) is a graph, then Q(G) = (2, , p)o, I&), where 2, = 
X U R U {ac , b,}, all the sets X, R, {a, , b,} are supposed to be disjoint, 
a, f b,, and (the index G is often omitted) 
P)(x, Y) = % 9% Y) = YY for all (x, y) E R, 
P)(X) = a, #(x> = k for all x E X, 
da) = v(b) = b, $(a) = 4(b) = a. 
If f: G---f G’ is a morphism of R, then @(f) = h, where h(a,) = a,‘, 
h(b,) = b,, , h(x) = f(x) for all x E X, h(x, y) = (f(x), f( y)) for all (x, y) E R. 
@ is a full embedding, for the proof see [5]. Now, define a functor 
8: R + A(1, 1) by b(G) = @(G) u {cc , e,}, where cc , e, # 2, , cc # e, , 
and extend the operations vc , I+!J~ by p)(c) = a, 4(c) = 4(e) = p)(e) = e; 
extend the homomorphism h = @(f) by h(c,) = co’ , h(eo) = e,’ . 
LEMMA. If h: b(G) -+ &(G’) is a homomorphism, then either h is constant 
to e,’ or h = 8(f) for some compatible mapping f: G + G’. 
Proof. Since e is the only point such that v(e) = 4(e) = e then necessarily 
h(e,) = e,’ . (a) Let us suppose h(a,) = e,, . We prove that h is constant to 
ec’ (the indices G, G’ are omitted). We have h(b) = h(v(a)) = p(h(a)) = 
v(e) = e. If x E X u {c}, then cp(h(x)) = h(v(x)) = h(a) = e, consequently 
h(x) = e. If r E R, then v(h(r)) = h(v(r)) = h(x) = e, consequently h(r) = e. 
(b) Now, we prove that h(a) = e whenever h(x) = e for some .a # e. If 
.a = b then h(a) = h(+(b)) = #(h(b)) = e. If z E X u {c} then h(a) = 
h(v(.z)) = y(h(z)) = e. If z E R then h(a) = h(p2(z)) = v2(h(z)) = e. (c) 
Let us suppose that h is nonconstant. Then h(z) -# e whenever z # e. 
Since a is the only point such that #(a) = a, a # e, then necessarily h(a) = a. 
Analogously, h(b) = b. Then, clearly, h(c) = c, h(X) C x’, h(R) CR’. 
The lemma implies that E(n) = {d(G); G EL(n)} is a stiff set in A( 1, 1). 
We notice that the elements of E(K,,) are finite. Now, we sketch the proof of 
connectedness of each element of n E(n). We show, more generally, that for 
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each collection {G, ; L E I} of graphs, the algebra A = &, &(GJ is connected. 
Denote by e the element of A all coordinates of which are eL . If z 
is an arbitrary element of A, then #v3(z) is an element y such that any coor- 
dinate yL of y belongs to (a, , e,}. Let 7 be the element of A such that 7‘ = c, 
whenever y& = a, , yL = e, otherwise. Then g’( 7) = y, t,Q J) = e. So, for 
any element z there exists a chain from x to e, consequently A is connected. 
We have proved the following result. 
Let A(T) be the category of all algebras of a unary type 7 with at least two 
operations. Then each embeddable semigroup has a representation in A(T). 
Each semigroup with one generator has a representation in the class of all 
countable algebras, each countable Abelian group has a representation in the 
class of all algebras A = (Z, v1 , v2 ,...) with countable components and 
card Z := 2Q. 
(F) Partial Commutative Groupoids 
We recall that a couple (X, w) is a partial commutative groupoid if X is a 
set, w is a partial binary operation on X and if w(x, y) is defined then also 
w( y, z~) is defined and w(x, y) = w( y, x). Denote by P the category of all 
partial commutative groupoids and all homomorphisms. P is distributive, 
any one-point groupoid is a terminal object and the class T of all groupoids 
(with total operation w) is closed under forming products and C-determining 
in P. We show that for each cardinal n there exists a stiff set 
F(n) C T, cardF(n) = n, 
all elements of F(&) are finite. In [7], a full embedding 9’: A( 1, 1) --f P is 
defined such that Y(A) E T for all objects A of A(l, 1) and 9’(A) is finite 
whenever A4 is finite. Now, we define a functor 9: A( 1, 1) + P by adding a 
formal unit 1, to each groupoid Y(A)and extending Y(h) by F(h)(l.) = 1,’ , 
for each homomorphism h: A + A’. One can verify (the description of 9’ and 
its properties are needed) that if g: F(A) --f 9(A’) is a homomorphism then 
either g is a constant to 1,~ or g = 9(h) for a homomorphism h: A - A’. 
Put F(n) = 3 0 @(L(n)). Thus each embeddable semigroup (or each semi- 
group with one generator or each countable Abelian group) has a representa- 
tion in P (or in the class of all countable objects of P or in the class of all 
objects (X, w) of P with card X = 2*o, respectively). 
(G) Partial Universal Algebras 
Denote by P(T) the class of all partial universal algebras of a type 7. If 7 
contains no nullary and at least one at least binary or at least two unary 
operations, then the previous result remains true, if we replace P by P(T) in it. 
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